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GENERALIZED POLYNOMIAL MODULES OVER THE
VIRASORO ALGEBRA
GENQIANG LIU AND YUEQIANG ZHAO
Abstract. Let Br be the (r + 1)-dimensional quotient Lie algebra of
the positive part of the Virasoro algebra V. Irreducible Br-modules
were used to construct irreducible Whittaker modules in [21] and irre-
ducible weight modules with infinite dimensional weight spaces over V
in [14]. In the present paper, we construct non-weight Virasoro mod-
ules F (M,Ω(λ, β)) from irreducible Br-modules M and (A,V)-modules
Ω(λ, β). We give necessary and sufficient conditions for the Virasoro
module F (M,Ω(λ, β)) to be irreducible. Using the weighting functor
introduced by J. Nilsson, we also give the isomorphism criterion for two
F (M,Ω(λ, β)).
1. Introduction
The Virasoro algebra V is the algebra named after the physicist Miguel
Angel Virasoro. It is a complex Lie algebra, given as the universal central
extension of the derivation Lie algebra of the Laurent polynomial algebra
A = C[x±1], see [13] and references therein. More precisely, V is the complex
Lie algebra spanned by {c, di : i ∈ Z} with the following relations:
[di, dj] = (j − i)di+j + δi,−j
i3 − i
12
c; [di, c] = 0, ∀ i, j ∈ Z.
The Virasoro algebra V is an important algebra, which is widely used in
conformal field theory and string theory. The representation theory on the
Virasoro algebra has attracted a lot of attentions from mathematicians and
physicists, see [3, 8, 9, 13, 12]. The classical part of the weight representation
theory of V is well developed, we can refer to the recent monograph [11] for
a detailed survey. In [18], Mathieu showed that any simple Harish-Chandra
V is a highest/lowest weight module or a intermediate series module. In
[20], it is further shown that any simple weight V-module with a nonzero
finite dimensional weight space is a Harish-Chandra module.
The study of simple V-modules which are not Harish-Chandra modules is
also very popular. One of the earliest weight modules with infinite dimen-
sional weight spaces is the tensor products of some highest weight module
and some intermediate series module, see [29]. The irreducibility of these
tensor products was solved completely by Chen-Guo-Zhao, see [4]. In 2001,
Conley and Martin [5] defined another class of such modules. The irre-
ducibility of these modules was determined in [16]. In [14], a large class of ir-
reducible Virasoro module with infinite dimensional weight spaces were con-
structed from Br-modules, where Br (see section 2) is an (r+1)-dimensional
quotient Lie algebra of the positive part of the Virasoro algebra.
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Non-weight Virasoro modules were also studied by many researchers.
These modules include Whittaker modules, see [24, 15, 17, 7, 28, 19, 25, 21],
C[d0]-free modules, see [22, 26, 27], highest-weight-like modules, see [10],
irreducible modules from Weyl modules, see [17]. Whittaker modules and
more general modules were described in a uniform way in [21], using irre-
ducible Br-modules. In [27], it was showed that if M is a V-module which
is a free C[d0]-module of rank 1, then M ∼= Ω(λ, β) for some β ∈ C and
λ ∈ C \ {0}. One can refer to Example 2 for the definition of Ω(λ, β).
It is easy to see that an irreducible V-module is not a weight module if and
only if it is C[d0]-free. So it is valuable to construct non-weight V-modules
from Ω(λ, β). This is the motivation of the present paper.
Now we briefly describe the main content of the present paper. In Sect.2,
we first recall the definition of (A,V)-modules from the reference [6]. The
module Ω(λ, β) is a typical example of an (A,V)-module. For any irreducible
module M over Br and an (A,V)-module W , we define a Virasoro module
structure on the vector space F (M,W ) = M⊗W , see (2.6) and (2.8). These
modules are generalization of Virasoro modules N (M,α) defined in [14]. In
Sect.3, we prove that the Virasoro module F (M,Ω(λ, β)) is reducible if and
only if M ∼= Mβ, a 1-dimensional Br-module determined by the parameter
β ∈ C, see Theorem 3.2. Thus we obtain a huge class of irreducible non-
weight Virasoro modules. In [23], Nilsson introduced a weighting functor
which maps non-weight modules to weight modules. It is written in [23]
that the idea of this functor is due to O. Mathieu. Using the weighting
functor, we also determine necessary and sufficient conditions for two such
irreducible Virasoro modules F (M,Ω(λ, β)) to be isomorphic, see Theorem
3.6.
2. Constructing new Virasoro modules
We denote by Z, Z+, N, R and C the sets of all integers, nonnegative
integers, positive integers, real numbers and complex numbers, respectively.
Firstly we recall the definition of an (A,V)-module which is a very nature
notion, see Sect.3 in [6].
Definition 2.1. An (A,V)-module M is a module both for the Lie algebra
V and the commutative associative algebra A with compatible actions:
mxn+mv = dnx
mv − xmdnv, cv = 0,
where m,n ∈ Z, v ∈M .
The following two examples are two interesting classes of (A,V)-modules.
Example 1. For each α, β ∈ C, there is a natural (A,V)-module structure
on A as follows:
dmx
n = (n+ α+ βm)xn+m, xmxn = xn+m, cxn = 0.
We denote this module by A(α, β) which is called the intermediate series
module. It is well known that, as a V-module A(α, β) is reducible if and
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only if α ∈ Z, and β = 0 or 1. Mathieu showed that any irreducible uni-
formly bounded weight module over V is isomorphic to some irreducible
sub-quotient of A(α, β), see [18].
Example 2. For λ ∈ C\{0}, β ∈ C, denote by Ω(λ, β) = C[t] the polynomial
associative algebra over C in indeterminate t. In [17], a class of (A,V)-
modules is defined on Ω(λ, β) by
cf(t) = 0, dmf(t) = λ
m(t− βm)f(t−m),
xmf(t) = λmf(t−m),
for all m ∈ Z, f(t) ∈ C[t]. From [17] we know that Ω(λ, β) is irreducible
when it was restricted to V if and only if β 6= 0. When β = 0, one can check
that C[t]t is a proper Virasoro submodule of Ω(λ, 0). It was showed that if
M is a V-module which is a free C[d0]-module of rank 1, then M ∼= Ω(λ, β)
for some β ∈ C and λ ∈ C \ {0}, see [27].
For an (A,V)-module M , we define the following operator on M
g(m) = x−mdm, m ∈ Z.
We can check that
(2.1) g(m)g(k)v − g(k)g(m)v = −kg(k)v +mg(m)v + (k −m)g(m+ k)v,
(2.2) g(m)xnv − xng(m)v = nxnv,
for any m,k, n ∈ Z, v ∈M .
By abuse of language, we denote G by the Lie algebra with the basis
{g(m) : m ∈ Z} and the Lie bracket defined as follows:
(2.3) [g(m), g(k)] = −kg(k) +mg(m) + (k −m)g(m+ k), ∀m,k ∈ Z.
Let us define the notion of (A,G)-modules which appears naturally in the
above construction.
Definition 2.2. An (A,G)-module M is a module both for the Lie algebra
G and the commutative associative algebra A with compatible actions:
g(m)xnv − xng(m)v = nxnv,
where m,n ∈ Z, v ∈M .
From (2.1) and (2.2), any (A,V)-module can be viewed as an (A,G)-
module. Conversely, an (A,G)-module M can be also viewed an (A,V)-
module via
dmv = x
mg(m)v, cv = 0, ∀ v ∈M.
Let M be a G-module and W be an (A,V)-module. Since W is also a
G-module, considering the tensor product M ⊗W of G-modules M and W ,
there is a natural (A,G)-module structure on M ⊗W as follows
(2.4) g(m)(v ⊗ w) = v ⊗ (g(m)w) + (g(m)v) ⊗ w,
(2.5) xm(v ⊗ w) = v ⊗ (xmw),
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where m ∈ Z, v ∈M,w ∈W .
From dm = x
mg(m), we know that the action of V on M ⊗W is
(2.6) dm(v ⊗ w) = v ⊗ (dmw) + (g(m)v)⊗ x
mw,
(2.7) c(v ⊗ w) = 0,
where m ∈ Z, v ∈M,w ∈W .
Consequently, the formulas (2.5),(2.6) and (2.7) define an (A,V)-module
structure on M ⊗W . We denote this (A,V)-module by F (M,W ).
Denote by V+ the Lie subalgebra of V spanned by all di with i ≥ 0. For
r ∈ Z+, denote by V
(r)
+ the Lie subalgebra of V generated by all di, i > r,
and by Br the quotient algebra V+/V
(r)
+ . By d¯i we denote the image of di in
Br. Note that Br is a solvable Lie algebra of dimension r + 1.
Let M be a G-module. Motivated by the notion of polynomial modules
in [2], we suppose that the action of g(m) on M is defined by
g(m) =
r∑
i=0
mi+1ai
(i+ 1)!
,
where ai ∈ EndC(M) for i : 0 ≤ i ≤ r. From the Lie bracket (2.3) of G, we
can check that
[ai, aj ] = (j − i)ai+j , ∀ i, j : 0 ≤ i, j ≤ r,
where ai+j = 0, when i + j > r. Thus M can be viewed as a module over
the Lie algebra Br via
d¯iv = aiv, ∀ v ∈M.
Conversely, for a module M over Br, we define the action of G on M by
(2.8) g(m)v =
r∑
i=0
mi+1d¯iv
(i+ 1)!
, ∀ v ∈M.
Lemma 2.3. Let M be a module over Br. Then M becomes a G-module
under the action (2.8).
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Proof. We can compute that
g(m)g(k)v − g(k)g(m)v −mg(m)v + kg(k)v
=
( r∑
i=0
mi+1
(i+ 1)!
d¯i
)( r∑
j=0
kj+1
(j + 1)!
d¯j
)
v
−
( r∑
i=0
kj+1
(j + 1)!
d¯j
)( r∑
i=0
mi+1
(i+ 1)!
d¯i
)
v
+
(
k
r∑
i=0
ki+1
(i+ 1)!
−m
r∑
i=0
mi+1
(i+ 1)!
)
d¯iv
=
r∑
i,j=0
mi+1kj+1
(i+ 1)!(j + 1)!
(j − i)d¯i+jv +
(
k
r∑
i=0
ki+1
(i+ 1)!
−m
r∑
i=0
mi+1
(i+ 1)!
)
d¯iv
=

k
r∑
i,j=0
mi+1kj
(i+ 1)!j!
d¯i+j −m
r∑
i,j=0
mikj+1
i!(j + 1)!
d¯i+j

 v
+
(
k
r∑
i=0
ki+1
(i+ 1)!
−m
r∑
i=0
mi+1
(i+ 1)!
)
d¯iv
= k
r∑
i=0
i∑
j=0
mi+1−jkj
(i+ 1− j)!j!
d¯iv −m
r∑
i=0
i∑
j=0
ki+1−jmj
(i+ 1− j)!j!
d¯iv
+
(
k
r∑
i=0
ki+1
(i+ 1)!
−m
r∑
i=0
mi+1
(i+ 1)!
)
d¯iv
= k
r∑
i=0
i+1∑
j=0
mi+1−jkj
(i+ 1− j)!j!
d¯i −m
r∑
i=0
i+1∑
j=0
ki+1−jmj
(i+ 1− j)!j!
d¯iv
= (k −m)
r∑
i=0
(m+ k)i+1
(i+ 1)!
d¯iv = (k −m)g(m+ k)v.
The lemma is proved. 
For a module M over Br, we can see that the Virasoro module F (M,W )
is a weight module if and only if W is a weight Virasoro module. From
(2.6) and (2.8), we can see that if W = ⊕λ∈CWλ is a weight module over V,
then F (M,W ) = ⊕λ∈CNλ is a weight Virasoro module with weight spaces
Nλ =M ⊗Wλ where
Nλ = {v ∈ F (M,W ) | d0v = λv}.
Proposition 2.4. If M1,M2 are modules over Br, then as (A,V)-modules,
F (M1, F (M2,W )) ∼= F (M1 ⊗M2,W ).
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Proof. For any v1 ∈M1, v2 ∈M2, w ∈W,m,n ∈ Z, we have that
dm
(
v1 ⊗ (v2 ⊗ w)
)
= v1 ⊗ dm(v2 ⊗ w) + (g(m)v1)⊗ (v2 ⊗ x
mw)
= v1 ⊗ (v2 ⊗ dmw + g(m)v2 ⊗ x
mw) + (g(m)v1)⊗ (v2 ⊗ x
mw)
= (v1 ⊗ v2)⊗ dmw +
(
g(m)(v1 ⊗ v2)
)
⊗ xmw
= dm
(
(v1 ⊗ v2)⊗ w
)
,
and
xm
(
v1 ⊗ (v2 ⊗ w)
)
= v1 ⊗ v2 ⊗ x
mw = xm
(
(v1 ⊗ v2)⊗w
)
.
The proposition is proved. 
Remark 2.5. From Proposition 2.4, it is very hard to determine the irre-
ducibility of F (M,W ) for any irreducible (A,V)-module W , since it is a
difficult problem to discuss the irreducibility of the tensor product of two
Br-modules. Moreover, up to now there is no explicit classification of all irre-
ducible (A,V)-modules. However, it is still valuable to research the structure
of F (M,W ) for some interesting (A,V)-modules.
Let M be a module over Br. From Example 1, (2.6) and (2.8), the action
of V on F (M,A(α, β)) is defined by
(2.9) dm(v ⊗ x
n) =
(
(n+ α+ βm)v +
r∑
i=0
mi+1d¯iv
(i+ 1)!
)
⊗ xn+m,
where m,n ∈ Z, v ∈ M . Clearly F (M,A(α, β)) is a weight module over
V, which is isomorphic to a module N (M,α) defined in [14] where M is
modified by the action of d0. Thus our Virasoro modules F (M,W ) are
generalization of the modules N (M,α) define in [14].
IfM is a finite dimensional irreducible Br-module, then by Lie’s Theorem,
M = Cv, d¯iM = 0 for any i ∈ N and d¯0v = γv for some γ ∈ C. We denote
this Br-module by Mγ . Clearly
F (Mγ , A(α, β)) ∼= A(α, β + γ).
The following Theorem was given by Liu-Lu-Zhao, see Theorem 4 and
Theorem 5 in [14].
Theorem 2.6. The following statements hold.
(a). LetM be an irreducible Br-module. Then the Virasoro module F (M,A(α, β))
is reducible if and only if M ∼= Mγ and α ∈ Z, β + γ = 0 or 1 .
(b). Let M,M ′ be infinite dimensional irreducible module over Br, and
α,α′, β, β′ ∈ C. Then F (M,A(α, β)) ∼= F (M ′, A(α′, β′)) if and only
if M ∼= M ′, α− α′ ∈ Z and β = β′.
3. Irreducibility and the isomorphism classes of F (M,Ω(λ, β))
In this section, we will determine the irreducibility and the isomorphism
classes of the Virasoro modules F (M,Ω(λ, β)) for any irreducible Br-module
M .
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3.1. Irreducibility of F (M,Ω(λ, β)). From (2.6) and (2.8), the V-module
structure on F (M,Ω(λ, β)) is given by
(3.1) dm(v⊗ f(t)) = v⊗λ
m(t−mβ)f(t−m)+
r∑
i=0
mi+1d¯iv
(i+ 1)!
⊗λmf(t−m).
Lemma 3.1. Let M be an irreducible module over Br. Then either d¯rM = 0
or the action of d¯r on M is bijective.
Proof. It is straightforward to check that d¯rM and annM (d¯r) = {v ∈M |d¯rv =
0} are submodules of V . Then the lemma follows from the simplicity of
M . 
For any n ∈ Z+,m ∈ Z, let h
0
m = 1 and
hnm =
m+n∏
j=m+1
(t− j),∀ n > 0.
It is clear that {hnm | n ∈ Z+} forms a basis of Ω(λ, β) for any m ∈ Z.
Moreover
(3.2) hnm − h
n
m+1 = nh
n−1
m+1.
From the definition of Ω(λ, β), we have that
(3.3) dmh
n
k = λ
m(t−mβ)hnk+m, x
mhnk = λ
mhnk+m,
for any m,k ∈ Z, n ∈ Z+.
Theorem 3.2. Let M be an irreducible module over Br, λ ∈ C \ {0}. Then
the Virasoro module F (M,Ω(λ, β)) is reducible if and only if M ∼= Mβ .
Proof. If M is finite dimensional, then M ∼= Mγ for some γ ∈ C. In this
case, we have that
dm(v ⊗ f(t)) = v ⊗ (t−m(β − γ))f(t−m),
for any f(t) ∈ Ω(λ, β). Hence
F (Mγ ,Ω(λ, β)) ∼= Ω(λ, β − γ).
Thus F (Mγ ,Ω(λ, β)) is reducible if and only if β − γ = 0, i.e., β = γ.
Next we assume that M is infinite dimensional. By Lemma 3.1, there
exists an r1 ∈ N with r1 ≤ r such that the action of d¯r1 on M is injective
and d¯iM = 0 for i > r1. We may simply assume that r1 = r.
Let N be a nonzero submodule of F (M,Ω(λ, β)). Since
F (M,Ω(λ, β)) ∼= F (M,Ω(1, β)),
see Theorem 3.6 below, we may further assume that λ = 1.
Claim 1. If u =
∑l
n=0 vn ⊗ h
n
0 is a nonzero element in N with vl 6= 0, then∑l
n=0(d¯
2
rvn)⊗ h
n
m ∈ N for any m ∈ Z .
By (3.1) and (3.3),
dm(vn ⊗ h
n
0 ) = vn ⊗ (t−mβ)h
n
m + (g(m)vn)⊗ h
n
m.
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Consequently
dkdm−k(vn ⊗ h
n
0 )
= dk
(
vn ⊗ (t− (m− k)β)h
n
m−k + g(m− k)vn ⊗ h
n
m−k
)
= vn ⊗ (t− kβ)(t − (m− k)β − k)h
n
m + g(m− k)vn ⊗ (t− kβ)h
n
m
+ g(k)vn ⊗ (t− (m− k)β − k)h
n
m + g(k)g(m− k)vn ⊗ h
n
m
Since k is an arbitrary integer, considering the coefficient of k2r+2 in
dkdm−ku, we obtain that
∑l
n=0(d¯
2
rvn)⊗ h
n
m ∈ N for m ∈ Z. Then Claim 1
follows.
Claim 2. If u =
∑l
n=0 vn⊗h
n
0 is a nonzero element inN , then (d¯
2
rvl)⊗1 ∈ N .
Consequently (d¯2rvl)⊗ Ω(λ, β) ⊂ N .
Note that hkm ∈ C[t] can be expressed as a polynomial in m with degree
k, and the highest term is a constant (i.e., a degree 0 polynomial in t). From
Claim 1,
u(m) :=
l∑
n=0
(d¯2rvn)⊗ h
n
m ∈ N,
for any m ∈ Z. Considering the coefficient of ml in u(m), we know that
(d¯2rvl) ⊗ 1 ∈ N . From d0((d¯
2
rvl) ⊗ 1) = (d¯
2
rvl) ⊗ t, we have that (d¯
2
rvl) ⊗
Ω(λ, β) ⊂ N . Then Claim 2 follows.
Since the action of d¯r on M is injective, (d¯
2
rvl) 6= 0. From Claim 2, there
exists nonzero element v ∈M such that v ⊗ Ω(λ, β) ⊂ N .
Claim 3. If v ⊗ Ω(λ) ⊂ N , then (d¯iv)⊗ Ω(λ) ⊂ N for any i ∈ Z+.
From dm(v⊗h
n
k−m) = v⊗ (t−mβ)h
n
k +
(∑r
i=0
mi+1d¯iv
(i+1)!
)
⊗hnk , we see that(∑r
i=0
mi+1d¯iv
(i+1)!
)
⊗ hnk ∈ N , for any k,m ∈ Z, n ∈ Z+. Hence (d¯iv)⊗ h
n
k ∈ N
for any i = 0, 1, . . . , r.
Since M is an irreducible Br-module, from Claim 3, we obtain that
M ⊗ Ω(λ) = N . Therefore F (M,Ω(λ, β)) is irreducible when M is infi-
nite dimensional. 
3.2. Isomorphism of F (V,Ω(λ, β)). We will first recall the weighting func-
tor introduced in [23].
For a ∈ C, let Ia be the maximal ideal of C[d0] generated by d0 − a. For
a V-module M and n ∈ Z, let
Mn := M/InM, W(M) := ⊕n∈Z(Mn ⊗ x
n).
By Proposition 8 in [23], we have the following construction.
Proposition 3.3. The vector space W(M) becomes a weight V-module
under the following action:
(3.4) dm · ((v + InM)⊗ x
n) := (dmv + In+mM)⊗ x
n+m.
We first establish the following useful lemma.
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Lemma 3.4. We have W(Ω(λ, β)) ∼= A(0, 1 − β).
Proof. It is easy to see that dim(Ω(λ, β)/In(Ω(λ, β))) = 1 for any n ∈ Z.
Let vn = 1 + In(Ω(λ, β)) ∈ Ω(λ, β)/In(Ω(λ, β)). We see that
dmvn =λ
m(t−mβ) + Im+n(Ω(λ, β))
=λm(m+ n−mβ) + Im+n(Ω(λ, β))
=λm(n+m(1− β))vm+n.
Set wn = λ
nvn. Then dmwn = (n + m(1 − β))wm+n. Thus the lemma
follows. 
We know that Ω(λ, 1) is irreducible, and A(0, 0) is reducible as V-modules.
Thus the weighting functor W does not map irreducible modules to irre-
ducible modules.
Proposition 3.5. As Virasoro modules, we have the isomorphism
W(F (M,Ω(λ, β)) ∼= F (M,A(0, 1 − β)).
Proof. Note that F (M,Ω(λ, β)) = M ⊗Ω(λ, β). For any n ∈ Z, using (3.1),
we have
In(F (M,Ω(λ, β))) = In(M ⊗ Ω(λ, β)) = M ⊗ In(Ω(λ, β)).
We can easily deduce that
W(F (M,Ω(λ, β)) ∼= F (M,A(0, 1 − β)).

Combining Proposition 3.5 with Theorem 2.6, we obtain the following
isomorphism criterion.
Theorem 3.6. LetM,M ′ be two infinite dimensional irreducible Br-modules,
λ, λ′ ∈ C \ {0}, β, β′ ∈ C. Then F (M,Ω(λ, β) ∼= F (M ′,Ω(λ′, β′) if and only
if M ∼= M ′, β = β′.
Remark 3.7. From Theorem 3.2, we can construct irreducible non-weight
Virasoro modules from irreducible Br-modules. All irreducible modules over
B1 were classified in [1], while all irreducible modules over B2 were classified
in [21]. The classification of irreducible modules over Br remains open, for
any r > 2.
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